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2-Calabi—Yau (CY) categories feature prominently through-
out algebraic geometry and representation theory:

1. semistable sheaves on K3 or Abelian surfaces, three steps.

2. semistable Higgs sheaves on smooth projective curves,
3. representations of preprojective algebras of quivers,

4. representations of fundamental groups of Riemann sur-
faces.

We are interested in the topology and singularities of the

moduli stacks and the good moduli spaces of objects in these

tions,

2. 2-dimensional categories

The major examples of 2-CY categories we will be interested in involve the following.

1. Preprojective algebras of quivers

Q = (Qo, Q1) quiver, Q) = (Qo, @1 LI Q7) its double,

P = D _aco,l®v, @*] the preprojective relation,

[Ig = CQ/p the preprojective algebra.

2. Semistable sheaves on K3 and Abelian surfaces

S symplectic surface, H polarisation, v € HY"(S, Z) primitive Mukai vector

Coh!™%(S) category of H-semistable sheaves on S with Mukai vector in Nw.
3. Semistable Higgs sheaves on smooth projective curves

C' smooth projective curve, u € Q slope
0: F = F Qo Kc Higgs sheat
Higgs! ™™ (C') category of semistable Higgs sheaves of slope p.

4. (Twisted) fundamental group algebras of Riemann surfaces

S (closed) Riemann surface, £ root of unity

G=any:1<i<g| MTawa; 'y = 1) = m(S\ {pt})

A =CG/{& — \) twisted fundamental group algebra

3. Cohomological Hall algebras for 2-dimensional
categories

Let A be a d-dimensional Abelian category (d < 2) and JH: M4 — M4 the Jordan—
Hélder (semisimplification) map from the stack of objects to the good moduli space. The
formula #[¥¢ = @, (FKZ) gives DT (MHM(M 4)) a monoidal product, where we denote
by @: My x My — M4 the direct sum.

Theorem. The complex of mized Hodge modules <7y = JH.DQgy
admits a (relative) cohomological Hall algebra structure.

e DHMHM(MY))

This algebra structure is constructed using the commutative diagram

M 4 X M4 1 Cract 4 SN I 4

JHX JH\L \LJH

MAXMA >MA

Key-facts. 1. The RHom complex over 9 4 X MM 4 can be represented by a 3-term com-
plex of vector bundles. With C = RHom|1], the map q: Eracty = Tot(C) — M oAx N4
gies a canonical virtual pullback map DQox ,xon, — ¢(DQeract,)[2(—, —) 4.

D

2. The map p s proper.

5. The PBW isomorphism

Theorem. We have a PBW isomorphism in DT (MHM(M 4)):
Symp (BPS 4. ® H(BC*)) — 4.

In particular, we have cohomological integrality for the category A.
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Introduction

categories. Our aim is to understand the Borel-Moore ho-
mologies of these geometric objects. We achieve this goal in

1. we define a sheaf-theoretic cohomological Hall algebra
for a class of Abelian categories of dimension at most two,

2.we define the BPS Lie algebra, by generators and rela-

3. we relate the BPS Lie algebra to the BPS algebra of
the category and to the whole cohomological Hall algebra.

Ldinburgh

Consequences are multiple. We obtain
1. the cohomological integrality of all categories involved,
2. a stacky nonabelian Hodge isomorphism for curves,

3.the positivity of cuspidal polynomials of quivers (a
strengthening of Kac positivity conjecture),

4. a lowest weight vector description for the cohomology of
Nakajima quiver varieties.

This is an overview of some parts of |1| and [2].

4. The BPS Lie algebra

Roots. The monoid of connected components of M 4 has the bilinear form induced by the
FEuler form (—, —). We have the set of primitive positive roots

Yu=A4a € my(My) | M, contains simples}
and the set of positive roots % =X ,4U{la |l € N,a € X4, (a,a) = 0}.
Generators. For a € ¥ 4, we let 94, = ZC(M_g,). Fora € ¥ 4, (a,a) =0and | > 2, we
let D40 = (Upm)ZC(M4q) where up,: Mgy — Mge, © — 2%
The BPS Lie algebra. The (relative) BPS Lie algebra is the Lie algebra object
BPS 4 Lic = n:O( MGy MHM(M 4) generated by 94,4, a € @, modulo the relations
1.ad(%4.4)(9as) = 0if (a,b) =0,
2.ad(%44) "9 (G4y) = 0 if (a,a) = 2.
The BPS algebra. The
BPSA,Alg = HO(dA) - MHM(MA)

Theorem. We have a canonical isomorphism of algebras BPS 4 a1 = U(

(relative)  BPS  algebra is  defined as

+
Mo M%)
Proof. Local neighbourhood theorem for 2-CY categories and identification of the top

strictly seminilpotent CoHA of quivers [3]. ]

6. Nonabelian Hodge isomorphism for stacks

Let C be a genus g smooth projective curve and (r, d) € Z>y X Z. Classical NAHT provides
us with a diagram in which the middle arrow is an homeomorphism:

1) ' i

ML (C) = MPT = M & it

Theorem. We have a canonical isomorphism of constructible complexes
U, JH.DQ ~ JH,DQ

VIT

gﬁBetti

g,r,d

VI

Mo (C)

and, in particular, a canonical tsomorphism in Borel-Moore homology:
Y (N2H(C) = HEV (e

Questions. 1. Do we have an isomorphism in cohomology?

2. Do we have stacky nonabelian isomorphisms for higher dimensional varieties?

7. Positivity of cuspidal polynomials

Let @ be a quiver, Fy a finite field and Hgy, the Hall algebra of @) over Fy. This is a
N@-graded twisted bialgebra. Its primitive elements are called cuspidal functions:

Hopldl ={f € Hor, | A(f) = f®1+1® f},

and Cg 4(q) denotes its dimension.
Theorem. For d € Xy, we have Cga(q*) = IP(Mr,4), and so Cga(q) € NJg].

This gives a way to compute the intersection cohomology ot all Nakajima quiver varieties,
using the Borcherds—Kac—Weyl character formula for generalised Kac—-Moody algebras.

8. Decomposition of the cohomology of Nakajima quiver
varieties

Let Ngga be the Nakajima quiver variety for the quiver () and framing data f. We let
Me(Q) = Pyene H(N(Q, £,d), Q™). This is a representation of the Lie algebra grB[gS

(the double of an[gS’+ = H*(BPSm, Lie)-

Theorem. We have the decomposition
Mf(Q> — @(d,l)EZHQf IH*(N(Qa fa d)) & L((d,l),(—,O))

Le (e € Hom(Z%, Z)): lowest weight module for the generalised Kac-Moody algebra g

f

BPS
HQ )



