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ROBERT CRUMPLIN

1. COMMUTATIVE VERTEX ALGEBRAS

A simple class of vertex algebras can constructed via the data of a commutative algebra with
derivation. More precisely, let V be a commutative algebra with derivation T , and set |0⟩ = 1. We
define the state-field correspondence via

Y (a, z) := ezTa ∈ End(V )[[z±1]]

Then the data (V, |0⟩, T, Y ) defines a vertex algebra as defined in the first talk.

We first verify the vacuum axioms:

T (1) = T (1.1) = T (1).1 + 1.T (1) = 2T (1) so T (|0⟩) = 0. Also, Y (1, z).b = (ezT .1)b = b and
Y (a, z).1 = (ezTa).1 ≡ a mod z.

We next check the translation axiom:

[T, Y (a, z)]b = T (Y (a, z)b)− Y (a, z)T (b) = T (ezT b)− (ezTa)T (b)

= T (ab+ T (a)bz + T 2(a)b
z2

2
+ · · · )

−aT (B)− T (a)T (b)
z2

2
− · · ·

= (T (a) + T 2(a)z + T 3(a)
z2

2
+ · · · )b

= ∂z(a+ T (a)z + T 2(a)
z2

2
+ · · · )

= (∂zY (a, z))b

Finally, we observe the locality axiom trivially holds since V is commutative.

Another natural example of a vertex algebra comes from infinitessimal families of endomor-
phisms of a space U over a punctured disc.

Theorem 1.1. Let U be a vector space and V ⊂ End(U)[[z±1]] such that

(1) 1 ∈ V
(2) V is ∂z-invariant
(3) V is closed under all n-products of formal distributions.

Define T ∈ End(V ) by T (a(w))∂wa(w), and Y to be the natural product induced by End(U)[[z±1]].
Then (V, |0⟩ = 1, T, Y ) is a vertex algebra.
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2. AFFINE KAC-MOODY ALGEBRAS

Let a be a Lie algebra with symmetric bilinear form κ satisfying

κ([x, y], z) = κ(x, [y, z]) = 0

for all x, y, z ∈ a.

Definition 2.1. The Kac-Moody affinisation of (a, κ) is the lie algebra with underlying vector space

âκ := a[t, t−1]⊕ C1

with lie bracket

[xtm, ytm] := [x, y]tm+n +mδm+n,0κ(x, y)1, [1, âκ] = 0

.

Definition 2.2. An âκ-module M is called smooth if, for all a ∈ âκ, the formal power series

x(z) :=
∑
n∈Z

(xtn)z−n−1

is a field on M .

Proposition 2.3. Let M be a smooth âκ-module such that 1 acts as the identity. Then

V := ⟨x(z) : x ∈ a⟩M

has the structure of a vertex algebra. By this notation, we mean take the images of the x(z) under
the representation to gl(M), so we are working with power series with End(M) coefficients.

The proposition is an application of the following theorem:

Theorem 2.4. Let U be a vector space and V a subspace of fields on U such that

(1) a(z), b(z) are mutually local for all a(z), b(z) ∈ V .
(2) idU ∈ V
(3) a(z)(n)b(z) ∈ V for all n ∈ Z.

Then, setting |0⟩ = idU , T = ∂z, Y (a(z), ζ) =
∑

n∈Z a(z)(n)ζ
−n−1

gives a vertex algebra structure on V .

Remark 2.5. There is another to think of these affine Kac-Moody algebras in terms of Cartan matri-
ces. A Cartan matrix for a semi-simple lie algebra encodes the lie bracket, and satisfies properties
such as the diagonal entries are all 2. Considering any Cartan matrix, one can ask whether a lie
algebra induces it. A space with bracket can be constructed from this data, and these are precisely
Kac-Moody algebras. In general, they look like central extensions of g[t, t−1] for g a semi-simple
lie algebra.
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3. THE RECONSTRUCTION THEOREM

We now state a useful theorem which will allow us to construct vertex algebras, such as lattice
vertex algebras without having to explicitly write down the axioms each time.

Theorem 3.1 (The reconstruction theorem). Let V be a vector space and 1 ∈ V , D : V → V a linear
map and {aα(z)}α a countable collection of fields on V such that the following properties hold

(1) aα(z)1 ∈ V [[z]] for all α. (We then can set aα := aα(0)1 ∈ V ).
(2) D(1) = 0, [D, aα(z)] = ∂za

α(z) for all α.
(3) aα(z), aβ(z) are mutually local for all α, β.
(4) V is spanned by aα1

(n1)
◦ · · · aαm

(nm)(1) for all m ≥ 0, α1, · · · , αm indices, n1, · · · , nm < 0.

Then, there exists a unique vertex algebra (V, |0⟩ = 1, T = ezD, Y ) with aα(z) = Y (aα, z) for all
α.

We do not prove this theorem here, but remark that the state-field correspondence is defined by

Y (aα1

(n1)
◦ · · · aαm

(nm)(1), z) =

1∏m
i=1(−ni − 1)!

:
d−n1−1

dz−n1−1
aα1(z) · · · d−nm−1

dz−nm−1
aαm(z) :

where here we use the normal-ordered product as defined in the first talk. This is exactly the
form of the state-field correspondence given for the Virasoro vertex algebra in the last talk.

Example 3.2. Let V = C[x1, x2, · · · ] the vector space of polynomials in countably many variables.
Set 1 = 1 and define D(p) =

∑
n≥1 nxn+1∂xnp. Define a field on V , a(z) =

∑
n∈Z a(n)z

−n−1 where

a(n) : V → V

p 7→


x−np, n < 0

0, n = 0

n∂xnp, n > 0

It is clear that V is spanned by an(1), n < 0 and it can be checked the other properites of the
reconstruction theorem also hold. We therefore get a vertex algebra, called the Heisenberg vertex
algebra.

4. LATTICE VERTEX ALGEBRAS

Throughout this section, we let L denote a lattice and (.) be a symmetric bilinear form on L. We
say L is integral if (.) : L× L → Z and even if (.) : L× L → 2Z. For the remainder of this section,
we follow [Joy21], but a more in depth treatment using Fock spaces is discussed in [Kel17].

Definition 4.1. Define the vector space associated to a lattice L as

VL := C[L]⊗ Sym(tΛC[t])

where C[L] is the group algebra of L with basis eλ, λ ∈ L and Sym(tΛC[t]) consists of polyno-
mials in variables taλ, a ∈ N, λ ∈ L.
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In particular, VL is spanned by elements of the form

eλ0 ⊗ (ta1λ1)⊗ · · · (tamλm)

Example 4.2. Let L = Z ⊂ R. Then VL
∼= C[q±1, x(i,j) : (i, j) ∈ N× Z]

It turns out that VL admits the structure of a vertex operator algebra under suitable conditions.

Theorem 4.3. Associated to any even lattice L (with non-degenerate symmetric bilinear form (.)),
the space VL admits the structure of a vertex algebra. Moreover, if (.) is positive definite this can
be enhanced to the structure of a vertex operator algebra.

Again, we can show this by the reconstruction theorem. We saw that VL is spanned by elements
of the form

eλ0 ⊗ (ta1λ1)⊗ · · · ⊗ (tanλn)

for λ1, · · · , λn ∈ L, a1, · · · , an > 0. Define a C-derivation D : VL → VL by

D(eλ ⊗ 1) = eλ ⊗ (tλ)

D(e0 ⊗ (taλ)) = ae0 ⊗ (ta+1λ)

Furthermore, for µ ∈ L and n ∈ Z define

µn : VL → VL

by

(1) If n > 0, µn(e
λ ⊗ 1) = 0.

(2) If n = 0, µ0(e
λ ⊗ p) = (µ, λ)eλ ⊗ p

(3) If n < 0, µn is multiplication by e0 ⊗ (t−nµ).

We now set µ(z) :=
∑

n∈Z µnz
−n−1. Additionally, define µ̃(z) : VL → VL[[z]][z

−1] by

µ̃(z) = ϵλ,µz
(λ,µ)(eµ ⊗ 1). exp[−

∑
n<0

z−n

n
µn] ◦ exp[−

∑
n>0

z−n

n
µn](e

λ ⊗ p)

The ϵλ,µ appearing here are a choice of signs for each pair λ, µ ∈ L satisfying the following three
conditions:

(1) ϵλ,0 = ϵ0,µ = 1

(2) ϵλ,µ.ϵµ,λ = (−1)(λ,µ)+(λ,λ)(µ,µ)

(3) ϵλ,µ = ϵλ+µ,ν = ϵλ,µ+ν .ϵµ,ν

Then, if we pick a Z-basis µ1, · · · , µd ∈ L of L, we see that

{µ1(z), µ̃1(z), · · · , µd(z), µ̃d(z)}

is a collection of fields on the space VL that satisfy the conditions of the reconstruction theorem.
We therefore get a vertex algebra called a lattice vertex algebra.

If (.) is non-degenerate, the central charge of the associated vertex operator algebra is d, the
rank of L, and the conformal vector is
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ω =
1

2

d∑
i,j=1

Ai,je
0 ⊗ (tµi)⊗ (tµj)

where (Aij) is the inverse matrix to ((µi, µj))i,j .

It turns out that if (.) is non-degenerate, then the subspace W ⊂ VL spanned by vectors of the
form e0 ⊗ p is a sub-vertex algebra isomorphic to H⊗d, for H the Heisenberg vertex algebra. For
example, as in Example 4.2, the sub-algebra W = C[x(i,j) : (i, j) ∈ N×Z] admits a vertex algebra
structure making it isomorphic to the Heisenberg vertex algebra.
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