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The goal of this talk is to build a Hall algebra structure on the critical, equivariant cohomology of moduli of quiver
representations. Critical cohomology takes as input a regular function on quiver moduli, which is derived from a
potential W .

We will build a Hall algebra product and a coproduct on this critical cohomology. The algebra structure generalizes
the Hall algebras associated to a symmetric quiver or a preprojective algebra, which were introduced in previous
talks.

1 Quivers with potential and their moduli

1.1 Basic notions

Let Q � pQ0, Q1, s, tq be a quiver.

Definition 1.1. A potential of Q is a formal C-linear combination W of oriented cycles of Q, presented up to cyclic
permutation.

Example 1.2. Let Q be the quiver with one vertex and three loops x, y, z. Then W � rxyzs � rxzys � ryzxs � ryxzs

is a potential.

We will build a CoHA from the cohomology of the following quiver moduli. Let us consider the representation space

Xd :�
¹

aPQ1
a:iÑj

HomCpC`di ,C`dj q

endowed with the natural action of
GLd :�

¹
iPQ0

GLpdi,Cq,

where d P ZQ0
¥0 is a dimension vector.

Definition 1.3. The moduli stack of representations of Q is the following disjoint union of quotient stacks:

M �
§

dPZQ0
¥0

Md :�
§

dPZQ0
¥0

Xd{GLd .
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The good moduli space of representations of Q is the following disjoint union of schemes:

M �
§

dPZQ0
¥0

Md :�
§

dPZQ0
¥0

SpecpCrXds
GLdq.

.

C-points of M (resp. M) parametrize finite-dimensional representations of Q (resp. semisimple representations of
Q). There is a canonical morphism p : M Ñ M mapping a representation to its semisimplification.

Remark. There are variants of M (resp. M) parametrizing semistable (resp. polystable) representations of Q for
a given stability condition (see [7]). One can also work with the substack of representations satisfying a property
S (S should be stable under extensions, in order to build a Hall algebra product). We leave these variants out to
simplify the discussion.

In order to define critical cohomology (see section 2), we will use a regular function TrpW q : M Ñ A1
C attached to

a potential:

Definition 1.4. Let W be a potential of Q, presented as follows:

W �
¸
c

αc � rac,1 . . . ac,lc
s,

where αc P C and ac,i P Q1 for 1 ¤ i ¤ lc. Then the following expression yields a well-defined, GLd-invariant
function TrpW q on Xd:

TrpW qpxq �
¸
c

αc � Trpxac,1 . . . xac,lc
q, x P Xd.

Note that TrpW q descends to a regular function on M, as it is GLd-invariant.

1.2 Correspondences for the Hall product

We now turn to the correspondence diagram which we will use to build the product and coproduct:

Xd,e{pGLd �GLeq

Md �Me Md,e Xd�e{GLd,e Md�e

Md � Me Md�e

r1 r2

pd�pe pd,e

id,e cd,e

pd�e
`

Here, Md,e is the stack parametrizing short exact sequences 0 Ñ M 1 Ñ M Ñ M2 Ñ 0 of representations of Q
where dimpM 1q � d and dimpM2q � e. Md,e can be presented as a quotient stack Md,e � Xd,e{GLd,e, where
Xd,e � Xd�e (resp. GLd,e � GLd�e) is the subspace (resp. subgroup) of elements stabilizing the graded vector
space C`e � C`d.

Let χpd, eq � d � e �
°

aPQ1
dspaqetpaq �

°
iPQ0

diei �
°

aPQ1
dspaqetpaq. Then:
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• r1 is induced by the forgetful morphism Xd,e Ñ Xd � Xe. It is an affine fibration of relative dimension
d � e � χpe,dq;

• r2 is induced by the morphism GLd �GLe Ñ GLd,e. It is an affine fibration of relative dimension d � e;

• id,e is induced by Xd,e � Xd�e. It is a closed immersion and dimXd�e � dimXd,e � d � e � χpd, eq;

• cd,e is induced by GLd,e � GLd�e. It is a proper map and dim GLd�e � dim GLd,e � d � e.

2 Critical cohomology, vanishing cycles and Thom-Sebastiani isomor-
phism

The underlying (Z� ZQ0
¥0-graded) vector space of the critical CoHA is:

à
dPZQ0

¥0

H

cpMd, ϕTrpW qQMd

r�1sq_rχpd,dqs.

Contrary to the CoHAs introduced in the previous talks, cohomology of quiver moduli is taken with respect to a
constructible complex of sheaves which we now introduce.

2.1 Constructible complexes and (hyper)cohomology

Given a complex variety X, we work within the category of (bounded below) constructible complexes D�
c pXq (see

[6] for an introduction). Objects in this category are complexes F
 of sheaves of Q-vector spaces on X. We will
often consider the total cohomology of F
 as a complex of sheaves:

HpF
q �
à

i

HipF
qr�is.

Given a morphism p : X Ñ Y of complex varieties, we will use the derived pushforward functors p� � Rp� :
D�

c pXq Ñ D�
c pY q and p! � Rp! and the (exact) pullback functor p�1 : D�

c pY q Ñ D�
c pXq. We will also make

use of the derived tensor product 
 b 
 � 

L
b 
 : D�

c pXq � D�
c pXq Ñ D�

c pXq and the external tensor product

b 
 � ppr�1

X 
q b ppr�1
Y 
q : D�

c pXq �D�
c pY q Ñ D�

c pX � Y q.

Definition 2.1. Let F
 P D�
c pXq and p : X Ñ pt. The hypercohomology of X (with compact support) with

respect to F
 is:
H
pX,F
q :� Hpp�F
q,

H

cpX,F
q :� Hpp!F
q.

2.2 Vanishing cycles and Thom-Sebastiani isomorphism

Let X be a smooth complex variety and f : X Ñ C be a regular function on X. A famous result of Milnor and Lê
asserts that, for x P f�1p0q and 0   δ    ϵ    1, f : Bϵpxq X f�1pD�

δ q Ñ D�
δ is a smooth, locally trivial fibration,
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where D�
δ � tz P C | 0   |z|   δu and Bϵpxq is an open ball of radius ϵ, centered at x. The fiber Ff,x is called the

Milnor fiber of f at x (see for instance [5]).

Attached to f are two functors ψf , ϕf : D�
c pXq Ñ D�

c pXq called functors of nearby cycles and vanishing cycles,
which are formally defined as follows:

Definition 2.2. Let j : f�1ptRepzq   0uq ãÑ X and i : f�1p0q ãÑ X and F
 P D�
c pXq. Then:

ψf pF
q :� i�i
�1j�j

�1F
,

ϕf pF
q :� conepi�i�1F
 Ñ ψf pF
qq.

The assignment F
 ÞÑ ϕf pF
q can be made into a functor, despite being defined as a cone. We call H
pX,ϕfQX
q

the critical cohomology of pX, fq.

The stalks of these complexes encode local information on f , as they compute the cohomology of Milnor fibers (see
[5, Ch. 4.2.]). For x P f�1p0q:

Hpψf pF
qqx � H
pFf,x,F
q,

Hpϕf pF
qqx � H
pBϵpxqzFf,x, Ff,x; F
qr1s.

Remark. The motivation for considering (compactly supported) critical cohomology H

cpMd, ϕTrpW qQr�1sq comes

from the following fact: when a moduli space is (locally) defined as the critical locus of a regular function f

in a smooth ambient space X, the Euler characteristic of critical cohomology computes the degree of its virtual
fundamental class (assuming it exists, see [1]). The critical locus of TrpW q in Md can be seen a local model for
moduli spaces of objects in a 3-Calabi-Yau category (see [8]).

In order to construct the Hall algebra product, we will need to combine critical cohomology of various components
of M. This is done using the Thom-Sebastiani isomorphism.

Theorem 2.3 (Thom-Sebastiani isomorphism). Consider X and Y two smooth complex varieties and f : X Ñ C,
g : Y Ñ C two regular functions. Let f ` g : X � Y Ñ C be defined by pf ` gqpx, yq � fpxq � gpyq and
k : f�1p0q � g�1p0q ãÑ pf ` gq�1p0q. Let also F
 P D�

c pXq and G
 P D�
c pY q. Then:

k�1ϕf`gpF

b G
qr�1s � ϕf F
r�1sb ϕgG
r�1s.

Remark. As explained in [4, Prop. 2.13.], the Thom-Sebastiani isomorphism can be upgraded to monodromic mixed
Hodge modules. The CoHA can be built out of graded monodromic mixed Hodge structures instead of graded vector
spaces. We leave these details out to avoid technicalities related to monodromic mixed Hodge modules.

2.3 Equivariant critical cohomology

We introduced above critical cohomology for schemes. We will need critical cohomology for quotient stacks Xd{GLd

in order to build the critical CoHA. In [4, §2.2.] and [3, §2.1.3.], a recipe is developed to build the complex p�ϕfQX{G

- or its total perverse cohomology for any morphism p : X{G Ñ Y , where X is a smooth complex G-variety, f
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is a G-invariant function and Y is a complex variety. Here, we will only give its relevant functorial properties for
building the CoHA product and coproduct.

We first give general results on p�ϕfQX{G
:

Proposition 2.4. Let X,X 1 be smooth complex G-varieties, h : X 1 Ñ X be a G-equivariant morphism and
f : X Ñ C a regular function. We also call h : X 1{GÑ X{G the induced morphism of stacks. Then:

(i) If h is an affine fibration, then there is a natural isomorphism

p�ϕfQX{G
Ñ pp � hq�ϕf�hQX1{G

.

(ii) If h is proper, then there are natural morphisms

p�ϕfQX{G
Ñ pp � hq�ϕf�hQX1{G

,

pp � hq�ϕf�hQX1{G
Ñ p�ϕfQX{G

r2pdimX � dimX 1qs.

Let H be an algebraic subgroup of G and consider h : X{H Ñ X{G. Then:

(iii) If G{H is an affine space, then there is a natural isomorphism

p�ϕfQX{G
Ñ pp � hq�ϕf�hQX{H

.

(iv) If G{H is proper, then there are natural morphisms

p�ϕfQX{G
Ñ pp � hq�ϕf�hQX{H

,

pp � hq�ϕf�hQX{H
Ñ p�ϕfQX{G

r2pdimH � dimGqs.

We further give analogous results for equivariant compactly supported critical cohomology:

Proposition 2.5. Let X,X 1 be smooth complex G-varieties, h : X 1 Ñ X be a G-equivariant morphism and
f : X Ñ C a regular function. Then:

(i) If h is an affine fibration, then there is a natural isomorphism

H

cpX

1{G,ϕf�hQX1{G
q Ñ H


cpX{G,ϕfQX{G
qr2pdimX � dimX 1qs.

(ii) If h is proper, then there are natural morphisms

H

cpX{G,ϕfQX{G

q Ñ H

cpX

1{G,ϕf�hQX1{G
q,

H

cpX

1{G,ϕf�hQX1{G
q Ñ H


cpX{G,ϕfQX{G
qr2pdimX � dimX 1qs.

Let H be an algebraic subgroup of G and consider h : X{H Ñ X{G. Then:
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(iii) If G{H is an affine space, then there is a natural isomorphism

H

cpX{H,ϕf�hQX{H

q Ñ H

cpX{G,ϕfQX{G

qr2pdimH � dimGqs.

(iv) If G{H is proper, then there is a natural morphism

H

cpX{G,ϕfQX{G

q Ñ H

cpX{H,ϕf�hQX{H

q,

H

cpX{H,ϕf�hQX{H

q Ñ H

cpX{G,ϕfQX{G

qr2pdimH � dimGqs.

We finally give equivariant versions of the Thom-Sebastiani isomorphism:

Proposition 2.6. Suppose Xi is a smooth complex Gi-variety and fi is a G1-invariant regular function on Xi, for
i � 1, 2. Consider as before a morphism pi : Xi{Gi Ñ Yi. Suppose that pi is proper (or approximated by proper
morphisms as in [4, §4.1.]). Then:

pp1q�ϕf1QX1{G1
r�1sb pp2q�ϕf2QX2{G2

r�1s � pp1 � p2q�ϕf1`f2QpX1�X2q{pG1�G2q
r�1s.

Moreover:

H

cpX1{G1, ϕf1QX1{G1

r�1sqbH

cpX2{G2, ϕf2QX2{G2

r�1sq � H

cppX1�X2q{pG1�G2q, ϕf1`f2QpX1�X2q{pG1�G2q

r�1sq.

3 Relative and absolute CoHA products

We now define the CoHA product on HQ,W :�
À

dPZQ0
¥0

H

cpMd, ϕTrpW qQMd

r�1sq_rχpd,dqs. We also upgrade this
product to an algebra object in the category of constructible complexes of sheaves on M (the relative CoHA), as
this is a key ingredient for proving structure results on the usual (absolute) CoHA (see following talk).

3.1 Monoidal structures and relative CoHA

From now on, we assume that Q is symmetric.

We first shift perspectives on the absolute CoHA product, in order to introduce the relative CoHA product. As we
will see below, HQ,W is a Z� ZQ0

¥0-graded algebra i.e. for d, e P ZQ0
¥0, we have a degree-preserving map of Z-graded

vector spaces:
HQ,W,d b HQ,W,e Ñ HQ,W,d�e.

Seeing HQ,W,d (resp. HQ,W,e) as a constructible complex on ptd (resp. pte), we can reinterpret this morphism as a
morphism of complexes on ptd�e:

�� pHQ,W,d bHQ,W,eq Ñ HQ,W,d�e,

where � : ptd � pte Ñ ptd�e is the natural isomorphism.
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This leads us to consider HQ,W as an object in D�
c pZ

Q0
¥0q and the CoHA product as a morphism:

m : �� pHQ,W bHQ,W q Ñ HQ,W ,

where � : ZQ0
¥0 � ZQ0

¥0 Ñ ZQ0
¥0 is the addition morphism.

Upgrading this to D�
c pMq, we define:

HQ,W :�
à

dPZQ0
¥0

ppdq�ϕTrpW qQMd
r�1sr�χpd,dqs

and we define in the following section a relative CoHA product:

m : `�pHQ,W bHQ,W q Ñ HQ,W .

Remark. As discussed in [4, Rem. 3.3.], the assumption that Q is symmetric may be weakened to some extent when
working with stability conditions. We leave out this discussion to simplify computations.

3.2 Construction of products

Recall the diagram of correspondences:

Xd,e{pGLd �GLeq

Md �Me Md,e Xd�e{GLd,e Md�e

Md � Me Md�e

r1 r2

pd�pe pd,e

id,e cd,e

pd�e
`

We are now ready to define the relative and absolute CoHA products. We define the restriction of m to summands
`�pHQ,W,d bHQ,W,eq as the composition of the following morphisms, shifted by �χpd,dq � χpe, eq:

`�pHQ,W,drχpd,dqsbHQ,W,erχpe, eqsq � `�ppd � peq�ϕTrpW qd`TrpW qeQMd�Me
r�1s (Thom-Sebastiani)

� `�pppd � peq � r1q�ϕTrpW qQXd,e{pGLd �GLeq
r�1s (2.4.i.)

� `�ppd,e � r2q�ϕTrpW qQXd,e{pGLd �GLeq
r�1s

� `�ppd,eq�ϕTrpW qQMd,e
r�1s (2.4.iii.)

� ppd � cd,e � id,eq�ϕTrpW qQMd,e
r�1s

Ñ ppd � cd,eq�ϕTrpW qQXd�e{GLd,e
r�1sr2pd � e � χpd, eqqs (2.4.ii.)

Ñ ppdq�ϕTrpW qQMd
r�1sr�2χpd, eqs. (2.4.iv.)
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Note that the overall shift of the right-hand side is �χpd,dq � χpe, eq � 2χpd, eq � �χpd � e,d � eq, as Q is
symmetric. Likewise we define the restriction of m to the summand HQ,W,d b HQ,W,e as the following morphism,
shifted by χpd,dq � χpe, eq (mind dualizations):

HQ,W,dr�χpd,dqs b HQ,W,er�χpe, eqs � H

cpMd �Me, ϕTrpW qd`TrpW qeQMd�Me

r�1sq_ (Thom-Sebastiani)

� H

cpXd,e{pGLd �GLeq, ϕTrpW qQXd,e{pGLd �GLeq

r�1sq_r2pχpe,dq � d � eqs

(2.5.i.)

� H

cpMd,e, ϕTrpW qQMd,e

r�1sq_r2χpe,dqs (2.5.iii.)

Ñ H

cpXd�e{GLd,e, ϕTrpW qQXd�e{GLd,e

r�1sq_r2χpe,dqs (2.5.ii.)

Ñ H

cpMd�e, ϕTrpW qQMd�e

r�1sq_r2χpe,dqs (2.5.iv.)

We have the following results:

Theorem 3.1. ([8, §7.6.], [4, Prop. 5.1.]) The products m and m are associative.

4 Construction of a coproduct

In this final part, we define a localised coproduct on the absolute CoHA. In order to build a comultiplication which
is compatible with the product above, one first needs to localize the Hall algebra and define some signs conventions.

4.1 Localised bialgebras

The natural target of a coproduct on HQ,W is:

HQ,W b� HQ,W :� ��pHQ,W bHQ,W q �
à

dPZQ0
¥0

à
d�e�f

HQ,W,e b HQ,W,f .

However, in order to obtain a well-behaved comultiplication, one needs to localize this target with respect to the
actions of some symmetric algebras. Indeed, HQ,W,d is naturally endowed with an action of:

HGLdpptq � Q
�
xi,k,

iPQ0
1¤k¤di

�Sd
,

where Sd :�
±

iPQ0
Sdi . The target of the comultiplication is then:

HQ,W b̃�HQ,W :�
à

dPZQ0
¥0

à
d�e�f

HQ,W,e b HQ,W,f

�
���
¹

i,jPQ0

¹
1¤s¤ei
1¤t¤fj

pyj,t � xi,sq
�1

�
��� ,

where:
HGLepptq � Q

�
xi,k,

iPQ0
1¤k¤ei

�Se ; HGLf pptq � Q
�
yi,k,

iPQ0
1¤k¤fi

�Sf
.
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In order to obtain a bialgebra, we need to multiply elements in HQ,W b̃�HQ,W i.e. we need a morphism:

m2 : pHQ,W b̃�HQ,W qb� pHQ,W b̃�HQ,W q Ñ pHQ,W b̃�HQ,W q .

On elements ab bb cb d in a suitable localization of HQ,W,d1 b HQ,W,d2 b HQ,W,d3 b HQ,W,d4 , m2 is defined as:

m2pab bb cb dq :� p�1qdegpbq�degpcq�χpd2,d2qχpd3,d3q�χpd2,d3qmpab cq b mpbb dq.

It turns out that m2pab bb cb dq lives in the required localization of HQ,W,d1�d3 b HQ,W,d2�d4 (see [2, §5.1.] for
details).

4.2 Construction of a coproduct

Let us now describe the following component of the localised coproduct ∆ (d � e � f):

∆e,f : HQ,W,d Ñ HQ,W,e b HQ,W,f

�
���
¹

i,jPQ0

¹
1¤s¤ei
1¤t¤fj

pyj,t � xi,sq
�1

�
��� .

Define the following symmetric polynomials:

E1,e,f :�
¹

aPQ1
a:iÑj

¹
1¤s¤ei
1¤t¤fj

pxi,s � yj,tq,

E0,e,f :�
¹

iPQ0

¹
1¤s¤ei
1¤t¤fi

pxi,s � yi,tq.

Then ∆e,f is defined as the following composition of morphisms, shifted by χpd,dq and followed by multiplication
by E�1

1,e,f � E0,e,f :

HQ,W,dr�χpd,dqs Ñ H

cpXd{GLe,f , ϕTrpW qQr�1sq_r�2e � f s (2.5.iv.)

Ñ H

cpMe,f , ϕTrpW qQr�1sq_r�2χpe, fqs (2.5.ii.)

� H

cpXe,f {pGLe �GLf q, ϕTrpW qQr�1sq_r�2χpe, fq � 2e � f s (2.5.iii.)

� H

cpMe �Mf , ϕTrpW qe`TrpW qfQr�1sq_r�2χpe, fq � 2χpf , eqs (2.5.i.)

� H

cpMe, ϕTrpW qQr�1sq_ b H


cpMf , ϕTrpW qQr�1sq_r�2χpe, fq � 2χpf , eqs. (Thom-Sebastiani)

Note that this map is degree preserving, since E�1
1,e,f � E0,e,f has cohomological degree 2χpe, fq. The main theorem

of [2] is then:

Theorem 4.1. [2, Thm. 5.13.] The following diagram commutes. In other words, HQ,W is a Q-localised bialgebra.
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HQ,W b� HQ,W pHQ,W b̃�HQ,W qb� pHQ,W b̃�HQ,W q

HQ,W HQ,W b̃�HQ,W .

∆b�∆

m m2

∆
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